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Abstract 

Based on the concentrated parameters theory, a 7-freedom coupled vibration 

dynamic model of the spiral bevel gear transmission system is established, which 

includes transmission error, time-varying mesh stiffness and the tooth backlash 

clearance. In the model, the axial vibration, the torsion oscillation of the gear pair 

aroused by tooth meshing force and the lateral oscillations resulting from flexional 

deformation of the gear shaft are taken into account. The mesh stiffness fluctuation is 

developed as 5-order Fourier series and the tooth backlash clearance is fitted by 7-

order polynomial function. Through the Gear method, the dynamic response of the 

system is obtained, and the vibration characteristics are analyzed. 

 

Keywords: vibration dynamic model, spiral bevel gear transmission system, torsion 

oscillation 

 

1. Introduction 

At present, most of the research on the nonlinear dynamics of gear transmission is 

concentrated in the study of the dynamics of spur gears. Therefore, the nonlinear 

dynamic model of bevel gear transmission system is established, which is based on the 

nonlinear factors such as backlash, time-varying mesh stiffness and so on. This research 

will not only provide useful theoretical basis and effective method for the design of the 

gear system with light weight and high efficiency. And it has important practical 

significance to further explore the dynamic characteristics of gear system and reduce the 

vibration and noise of gear system.Because of the high speed level, the dynamic 

characteristics of the spiral bevel gears are very important in the micro - and small - 

speed reduction device. 

 

2. Establishment of Nonlinear Dynamic Differential Equations of the 

Spiral Bevel Gear System 

In this paper, the dynamic model of gear transmission system (gear, shaft and bearing) 

is set up by using lumped parameter method. The quality of shaft and bearing is 

simplified to the center of gear. 
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Figure 1. The Vibration Dynamics Model of Spiral Bevel Gear 

Figure 1 shows the dynamic model of the bevel gear drive with elastic support. In this 

model, the axis of the two bevel gear is the origin, and the global coordinate 

system },,{: zyxO  is established.The shaft section of the supporting two gear is 

treated as the middle point pO of the tooth width of the gear. gO moves along the three 

direction of the coordinates and the drive of the wheel around its axis.that is 
T

ggggpppp zyxzyx },,,,,,,{  .Two the relative displacement of the normal 

direction of the normal direction of the meshing point of the gear tooth surface of the 

bevel gear nx ,In order to analyze the force of the large gear, the coordinate system is 

rotated around the y axis.As shown in figure 2. Bevel gears in meshing the method to 

dynamic meshing force and along each coordinate direction component respectively. 
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Where gp  , are main passive bevel gear cone angle. n is normal pressure angle. 
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Figure 2. Force Analysis of the Spiral Bevel Gear 

Less effect on the system due to torsion vibration, for the convenience of analysis, we 

ignore the torsion vibration, the spiral bevel gear transmission system with equivalent to 

eight degrees of freedom, but considering the gear time-varying mesh stiffness and the 

gear backlash coexistence of nonlinear dynamics model, Fig1 shows the spiral bevel 

gear transmission system vibration equation . 
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where pm , gm are concentrated mass of the main passive bevel gear, pJ , gJ are 

moment of inertia of the main passive bevel gear, jgjp cc , are shift damping coefficient 

of the main passive bevel gear along the x , y , z axis directions. pT is drive torque on 

the gear. gT is impedance moment on the main passive gear. gp rr , is bevel gear tooth 

width midpoint of the base circle, circle radius. 

In the (2), the relative displacement nx  is introduced as a new degree of freedom, the 

two torsional vibration displacement gp  ,  is eliminated, the degree of freedom of the 

system is reduced from 8 to 7.It is performed by the dimensional processing. 
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The non-analytic function )( nx is introduced to describe the actual deformation of 

the gear teeth with consideration of the backlash.  
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Where, symbol b is the half of the normal mean backlash. The image of the 

function )( nx is shown in Figure3 
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Figure 3. The Nonlinear Backlash Function of Gear Pair 
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Where )( nxf is comprehensive deformation of gear tooth when considering the tooth 

side gap 

 

3. Stiffness of Gear System 

In the process of gear engagement, the dynamic excitation is called the stiffness of the 

gear mesh, for short, for short, because of the time varying of the rigidity of the mesh. 

In the course of the engagement of the gears, the single and double teeth engage 

alternately. In the single tooth to the meshing area, the meshing of the gear is small, and 

the mesh is elastic and large. As a result, the two pairs of teeth bear the load. Therefore, 

the meshing of the gear is relatively large, and the mesh is small. In the process of 

continuous operation of the gear pair, the single and double teeth are alternately, which 

leads to the periodic variation of the tooth engagement.Because of the gear transmission 

process, the meshing stiffness is time varying, and the stiffness of the gear is periodic, so 

the meshing stiffness can be expanded into fourier series. 
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Where mk is average mesh stiffness, e is meshing frequency of gear pair, 1z 、 2z are 

the number of teeth of the main gear and the number of passive gear teeth, 1n , 2n are 

drive gear and passive gear speed.When the nonlinear describing function is fitted by the 

7 degree polynomial, the dynamic equation of the gear system is obtained according to 

the formula (3). 

Onli
ne

 V
ers

ion
 O

nly
. 

Boo
k m

ad
e b

y t
his

 fil
e i

s I
LLEGAL.



International Journal of Multimedia and Ubiquitous Engineering 

Vol.11, No.2 (2016) 

 

 

Copyright ⓒ 2016 SERSC      281 

          






































epvpmnnnnje

j

j

nhngggppp

nnnnhggzgnhggzgg

nnnnhggygnhggygg

nnnnhggxgnhggxgg

nnnnhppzpnhppzpp

nnnnhppypnhppypp

nnnnhppxpnhppxpp

fffxaxaxaxactjB

xcxzcycxczcycxc

xaxaxaxakzkxczz

xaxaxaxakykxcyy

xaxaxaxakxkxcxx

xaxaxaxakzkxczz

xaxaxaxabkykxcyy

xaxaxaxabkxkxcxx

))()()(())cos(1(

2

0))()()((22

0))()()((22

0))()()((22

0))()()((22

0))()()((22

0))()()((22

7

7

5

5

3

316

5

1

6321321

7

7

5

5

3

316

7

7

5

5

3

315

7

7

5

5

3

314

7

7

5

5

3

316

7

7

5

5

3

315

7

7

5

5

3

314





























(9) 

 

4. Numerical Calculation of Mechanical Equation of Gear System 

Since the differential equation (9) of the gear set up in front is a non dimensional 

mathematical expression, the formula (9) does not depend on the specific physical 

dimension, but only has the characteristics of the mathematical form.So the analysis of 

the characteristics of gear dynamics (9) is more extensive and representative. 

In order to verify the validity of the numerical method, the arc tooth bevel gears in the 

RV reduction device of the micro adjustable gap variable thickness gear with the micro 

adjustable gap is verified,Using the above numerical simulation algorithm and the FFT 

algorithm, the Poincare algorithm and the spectrum of the spectrum are simulated and 

calculated. When calculating the driving torque and load torque are stable, 
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With the change of meshing frequency, the arc tooth bevel gear system shows rich 

vibration characteristics.From figure 4, the excitation frequency is 5.1h ,The 

response of the system is a single cycle harmonic response, with the same characteristics 

of the linear system, namely single frequency single frequency response.The time course 

of the response of the vibration displacement is a simple harmonic, and the response of 

the phase plane is oval,The Poincare map is a single discrete point.Figure 5 (a), (b), (c), 

(d), (e), (f)respectively are px 、 py 、 pz 、 gx 、 gy 、 gz the relationship chart of the 

six non dimensional displacement and time. 
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Dimensionless Time t                       Dimensionless Displacement nx  

(c)                             (d) 

 

(e)                           (f) 

Figure 4. nx / t , nx / t , nx / t , Phase Plane Plot, Poincare& Frequency 

Response 

 

(a)                        (b) 

 

(c)                        (d) 

 

(e)                         (f) 

Figure 5. The Relation between px / t , py / t , pz / t , gx / t , gx / t , gz / t  
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(a)                           (b) 

 

 

(c)                         (d) 

 

(e)                         (f) 

Figure 6. nx / t , nx / t , nx / t , Phase Plane Plot, Poincare & Frequency 

Response 

By Figure 6, 96.1h , the system has 8 periodic harmonic response, the response is 

periodic motion, the corresponding phase diagram is a non circle curve, The Poincare 

map is 8 discrete points.Spectral lines of the FFT spectrum are scattered on the 

point 8/hm  . 

 

 

(a)                          (b) 

Onli
ne

 V
ers

ion
 O

nly
. 

Boo
k m

ad
e b

y t
his

 fil
e i

s I
LLEGAL.



International Journal of Multimedia and Ubiquitous Engineering 

Vol.11, No.2 (2016) 

 

 

284   Copyright ⓒ 2016 SERSC 

 

(c)                            (d) 

 

(e)                     (f) 

Figure 7. nx / t , nx / t , nx / t , Phase Plane Plot, Poincare & Frequency 

Response 

By Figure 7, 2.2h ,The system appears to be periodic response, in response to the 

periodic motion, the motion is a combination of two or more cycles, there is no 

minimum period, the corresponding phase plane diagram is filled with a certain area of 

curve.The FFT Poincare map is a broken ring, and the spectral line of the spectrum of 

the spectrum is still scattered at the point of the combination frequency. 
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(e)                        (f) 

Figure 8. nx / t , nx / t , nx / t , Phase Plane Plot, Poincare & Frequency 

Response 

By Figure 8,
3.2h ,The system appears to be in the chaotic state by the quasi 

periodic response, and the response of the periodic motion and the other part is an 

obvious chaotic state. The motion is a combination of two or more cycles, and there is 

no minimum period, and the spectral line of FFT spectrum is still scattered in the 

combination frequency. 

 

 

(a)                        (b) 

 

(c)                         (d) 

 

(e)                          (f) 

Figure 9. nx / t , nx / t , nx / t , Phase Plane Plot, Poincare & Frequency 

Response 
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By Figure 9,
5.2hw

,The chaotic response of the system, the response is non periodic 

motion, the phase plane graph is composed by the mutual winding and the cross but not 

repeat not closed curve, Poincare and the map of the map is located in a certain region of 

the point set. 

In the process of changing the excitation frequency, there are 2 , 4 , 8 periodic 

responses and the quasi periodic and chaotic response. The quasi periodic response is 

usually achieved by the quasi periodic motion. These characteristics have a great 

influence on the contact stability and reliability of the arc tooth bevel gear. In the design 

of transmission system, the value of the corresponding parameters should be avoided in 

the transmission system is in a chaotic response state. 

 

5. Conclusion 

The comprehensive analysis of the system dynamic response, including Dynamic 

response time history, phase diagram, Poincare map and FFT chart,shows that the 

exciting frequency is changed, the system appears a variety of steady state response 

results, namely single cycle harmonic response, response times sub-harmonic periodic, 

quasi periodic and chaotic response, the periodic response of the transition is by the 

quasi periodic bifurcation to achieve. These characteristics have great influence on the 

contact stability and reliability of the tooth surface of the spiral bevel gear. In the design 

of transmission system, the value of the corresponding parameters should be avoided in 

the transmission system is in a chaotic response state. 
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